Double-stranded DNA ͑dsDNA͒ undergoes a denaturing transition above which the strands unbind completely. At temperatures ͑including the physiological temperature͒ below the transition the base pairs tend to unbind locally, giving way to loops, i.e., locally denatured states. In the flexible-chain model, the imaginary time Schrödinger equation describes the interstrand distance distribution of dsDNA with the time variable replaced by the sequence number. We transform the equation to the Fokker-Planck equation ͑FPE͒, which provides a convenient and powerful analytical method and, via the equivalent Langevin equation, a simulation scheme. The temperature-dependent potential that emerges in the FPE manifests how the DNA conformation changes dramatically near the transition temperature. We present several simulation plots along with analytical results illustrating the order parameter ͑concentration of bound base pairs͒, base pair distance correlation function, and loop size distribution at different temperatures.
I. INTRODUCTION
DNA is a biomolecule that exhibits complex hierarchical structures in the nucleus to safely and effectively store the genetic information needed in living organisms. In nature, DNA exists predominantly in the B-form structure, a righthanded helix consisting of two strands, to protect the base pairs against background chemical contamination. However, when replication/transcription processes begin, the duplex structure is partially broken by external enzymes, giving way to loop ͑or bubble͒ formations ͑Fig. 1͒ for reading the sequence ͓1͔. To obtain some information relevant to the process, forced-unzipping experiments on DNA have recently been extensively performed using several single-molecule tools. For example, with microapparatus such as optical tweezers, atomic force microscopy cantilevers, and magnetic tweezers, one can now measure the forces needed to unzip ͑or unwind͒ a single DNA strand with piconewton resolution and the unzipped displacements on the nanometer scale ͓2͔.
Double-stranded ͑ds͒ DNA can be globally denaturated by intrinsic thermal fluctuation as well as the external mechanical force mentioned above. The DNA undergoes a denaturation ͑or melting͒ transition at a critical temperature T c ͑350-400 K͒, above which a dsDNA molecule separates into two single-stranded DNA molecules ͓3͔. This phenomenon, regarded as a rare and novel example showing a onedimensional phase transition, has been a hot issue since the 1960s. It was found by several authors ͓4͔ that the denaturation transition is a kind of unbinding transition, driven by the entropic gain which is dominant over the internal energy loss. But the discontinuity and multistep nature of the melting curve were not sufficiently explained. Recently more advanced studies including aspects of real DNA are progressing; e.g., sequence heterogeneity ͓5,6͔, stiffness and excluded volume effect of the strands ͓7-9͔, and helical structures ͓10͔.
Also, the local denaturation phenomenon or loop formation along DNA is possible due to the thermal fluctuation even far below T c ͓3,11͔. Since loop formation can be regarded as a precursor to denaturation, it has been partially studied in the course of denaturation studies. From the standard Peyrard-Bishop model ͓12,13͔ a Schrödinger type equation for the interstrand distance distribution of dsDNA results, allowing some information on static loop conformation. Peyrard et al. ͓12͔ also showed, using molecular dynamics simulation on the model, that a large loop can be excited by thermal activation and localized as a breather mode with a long lifetime. To investigate the nature of denaturation transitions, Carlon et al. ͓9͔ and Baiesi et al. ͓20͔ recently studied the interstrand distance and loop size distributions with the Poland-Scheraga model including the excluded volume effect and chain stiffness. They numerically found the critical exponents in the scaling forms of those distributions near T c and showed that the first order nature of the transition is due to the excluded volume effect. Yet many aspects of DNA loop conformation for temperatures either physiological or approaching T c , even within the flexiblechain model, remain to be studied analytically or simulationally. Here, we introduce an alternative methdology, i.e., a stochastic approach which enables us to analytically evaluate a number of statistical quantities for locally denaturated loops, e.g., interstrand correlation function and loop distribution.
Consider an experiment where a base pair ͑bp͒ of dsDNA is unzipped with a given separation and ask what happens to the bp at a distance away along the strands. The response can be related to the correlation function of the interstrand distance in accordance with the linear response theory. The correlation function also gives valuable information on the stability of the duplex structure and cooperativity of the strand characteristics of long chains. In order to theoretically investigate this and related aspects of dsDNA conformation within the standard model of the flexible chain, which remain to be clarified, we formulate the problem within the well-known Edwards ͑imaginary time Schrödinger͒ equation descriptive of the interstrand distance distribution in Sec. II. We approximate the Green's function as the sum of two contributions, one from the bound base pairs and the other from the unbound bp conformation regarded as free in the half space. To facilitate the analysis further, we reformulate the problem in stochastic dynamics language by transforming the Edwards equation to the equivalent Fokker-Planck equation ͑FPE͒ in Sec. III. The transition probability and stationary probability distributions that result facilitate analytical evaluation of the various statistical quantities in question, the average interstrand distance, correlation function, and average loop size. These quantities are also computed numerically using the equivalent Langevin equation, giving results that are in close agreement with the analytical results.
II. THE POLYMER GREEN'S FUNCTION FORMALISM
For a description of dsDNA conformation, we adopt the standard model of flexible chains used by many authors ͓5,8,12͔, as recapitulated below. In the continuum limit ͑where we treat chains as continuous strings͒, the effective Hamiltonian descriptive of dsDNA of N base pairs is ͓14͔
͑2.1͒
The first term of the intergrand is the strand elastic energy of entropic nature due to the chain connectivity, l k is the segmental length, r 1 (n),r 2 (n) denote the positions of the two strands at the nth base pair, and U(r) is the Morse potential of hydrogen bonding between a base pair at a distance r ͑Fig. 1͒:
D is the depth of the potential well, and r m ,a Ϫ1 are the characteristic lengths of the potential, each representing the potential minimum and width. Throughout the paper, we put k B ϭ1 so that ␤ϭ1/T. Other interactions due to mismatched pairing, excluded volume effect, and twist energy will be neglected. In terms of the center of mass Rϭ(r 1 ϩr 2 )/2 and relative coordinates rϭr 1 Ϫr 2 , the Hamiltonian can be rewritten as the sum of two terms,
Of interest to us is the information concerning the relative coordinate; from Eq. ͑2.4͒, the Edwards equation is derived ͓15͔:
ٌ r ជ 2 ϩ␤U͑r ͒ ͬ G͑r,r 0 ;n ͒.
͑2.5͒
Here lϭ&l k , and G(r,r 0 ;n) is the polymer Green's function descriptive of the relative probability of finding the distance of the nth bp at r, given the initial (nϭ0) distance at r 0 . Because of the spherical symmetry of the potential, we are allowed to focus on the radial part,
͑2.6͒
The radial Green's function can be expanded:
where u k and ⑀ k are the normalized eigenfunction and eigenvalue satisfying
It should be noted that the index k above includes not only discrete bound states but also continuous unbound states. Also, we note that the one-dimensional equations ͑2.6͒-͑2.8͒ are those encountered in the theory of polymer adsorption on a flat wall, with the r denoting the vertical distance from it. This analogy often gives valuable insight. The eigenfunctions and eigenvalues for bound states with the Morse potential are well known from the related problem in quantum mechanics ͓16͔:
for the integer n satisfying 0рnр(2KϪ1)/2, where y(r) ϭexp͓Ϫa(rϪr m )͔, Kϭ(6␤D/l 2 a 2 ) 2 , and bϭ4/KϪ2nϪ1. L n b is an associated Laguerre polynomial. Bound states, at least one, can exist provided ⑀ 0 Ͻ0 or TϽT c , where
is the critical temperature of the unbinding ͑denaturation͒ transition, above which the two strands separate globally. Using typical parameter values Dϭ0.25 eV, l k ϭ3.4 Å, and aϭ2.8 Å Ϫ1 , T c is estimated to be approximately 400 K. This temperature is much lower than the bound strength D Х3000 K because it is determined by competition between the internal energy of the bound pair and the entropy of broken pairs that can constitute loops. Using the same parameters, we note that for two bound states to exist the temperature should be lower than T c /9Ϸ44 K. Thus, at physiological temperatures and above, which are of our concern, it suffices to consider only the ground state of eigenvalue ⑀ 0 . The ground state can be rewritten as
͑2.12͒
The other states in the summation of Eq. ͑2.7͒ form a continuum band of states ͑denoted by ''c'' below͒ separated by the gap
Ϫ1͔ 2 from the ground state ͑Fig. 2͒, so that we can rewrite G͑r,r 0 ;n ͒ϭe
Ϫn⑀ c u c ͑ r ͒u c ͑ r 0 ͒.
͑2.13͒
As long as we consider a very long chain and large n value, the first term of the above ͑the bound state term͒ dominates; otherwise the other term, the unbound continuum contribution, albeit relatively small, should be considered for a consistent description. Here we propose that an unbound chain outside the potential well is closely approximated by a free chain in the half space rϾ0, i.e., the Green's function ͓17͔
with the hard-core boundary condition G 0 (r→0)ϭ0. Thus we consider the ansatz G͑r,r 0 ;n ͒ϭe n⌬ u 0 ͑ r ͒u 0 ͑ r 0 ͒ϩG 0 ͑ r,r 0 ;n ͒, ͑2.15͒
which, upon substitution into Eq. ͑2.6͒ with ‫ץ‬G 0 /‫ץ‬n ϭ(l 2 ‫ץ)6/‬ 2 G 0 ‫ץ/‬ 2 r, is found to be valid provided ␤U(r)G 0 (r,r 0 ;n) is negligible. We confirm the validity of the ansatz for large n: U(r) is nonvanishing only within the molecular distance rՇr m , where G 0 , varying with a significant value over the length scale rϳ(nl 2 )
1/2 , is quite small. Equation ͑2.15͒ is our central approximation; it yields not only a simple and intuitive picture of the bp conformation but also analytical tractability with well-defined validity, as we will show next. We note here that a shift of the potential level as shown in Fig. 2 does not affect the physics as far as the bp conformation is concerned.
With the Green's function, one can calculate a number of polymer properties. One is the average distance of the nth base pair ͓15͔ ͗r͑n͒͘ϭ ͐͐͐dr 0 dr N dr rG͑r N ,r;NϪn ͒G͑ r,r 0 ;n ͒ ͐͐dr 0 dr N G͑r N ,r 0 ;N ͒ .
͑2.16͒
In the long-chain limit, ground state dominance is valid, yielding
In polymer adsorption, ͗r͘ corresponds to the thickness of the adsorbed layer, which is inversely proportional to the concentration of adsorbed monomers. Therefore the inverse of ͗r͘ is proportional to the order parameter, the fraction of bound base pairs, which is shown to vanish like ͉TϪT c ͉ on approaching the denaturation transition.
In dealing with other variables of interest, i.e., ͗r(n)͘ r 0 , the average of the bp distance at the sequence n with the initial bp distance given by r(0)ϭr 0 , and the related correlation function ͗r(n)r(0)͘, the approach using the Green's function is either conceptually unclear or practically cumbersome. For example, one might be tempted to generalize Eq. ͑2.16͒ and obtain ͗r͑n͒͘ r͑0 ͒ ϭ ͐͐dr N dr rG͑r N ,r;NϪn ͒G͑ r,r 0 ;n ͒ ͐dr N G͑r N ,r 0 ;N ͒ .
͑2.18͒
As we shall see later, the above is not correct. We note that G, although it can be normalized, is not the probability that is conserved as n goes on. An alternative language we prefer is the transition probability P(r,r 0 ;n), which is conserved and can remain finite, i.e., be stationary, as n approaches infinity.
In terms of this transition probability the average ͗r(n)͘ r 0 and the correlation function are defined appropriately as is well known: 19͒ ͗r͑n͒r͑0͒͘ϭ ͵ dr rr 0 P͑r,r 0 ;n ͒P s ͑ r 0 ͒. ͑2.20͒
Here, P s (r) is the stationary distribution. In the forthcoming section, we transform the Edwards equation for G(r,r 0 ;n) into the Fokker-Planck equation for P(r,r 0 ;n) with n now regarded as time. With the Brownian ͑Fokker-Planck͒ language, we can not only correctly evaluate the above quantities but also clearly provide the underlying physical picture. , where c is a normalization constant. Then Eq. ͑3.2͒ can be rewritten as
In order to find V(r), we note that our information concerning the bp conformation remains invariant with respect to a shift of the potential in the original Edwards problem. We shift the potential U(r) to U(r)ϩ⌬, where the shifted lowest eigenvalue is zero, ⑀ 0 ϭ0 ͓Fig. 2͑b͔͒, so that the transition probability, which can be rewritten as P(r,r 0 ;n) ϭ͓u 0 (r)/u 0 (r 0 )͔͓u 0 (r)u 0 (r 0 )ϩ ͚ c e Ϫn⑀ c u c (r)u c (r 0 )͔, retains the stationarity:
P͑r,r 0 ;n→ϱ ͒ϭ P s ͑ r ͒ϭu 0 2 ͑ r ͒ϭce Ϫ␤V͑r ͒ .
͑3.7͒
The eigenfunction u 0 (r), independent of the shift, readily yields
apart from a constant term. As we see above, V(r), the potential under which the Brownian particle moves, has a suggestive temperature dependence. Figure 3 shows that, for temperatures far below T c , the Brownian motion is manifestly confined in a narrow well around a small distance ϳr m . As the temperature approaches T c , however, the potential tends to be flat for large r, so that the Brownian motion becomes unbounded, with the average base pair distance diverging. In this language, the central ansatz Eq. ͑2.15͒ is rewritten as
To visualize and simulate the stochastic motion embodied in the above Fokker-Planck description, we consider the equivalent Langevin equation
where ␥ϭT/D is the friction coefficient, and (n) is the Gaussian and white noise satisfying ͗(n)͘ϭ0, ͗(n)(nЈ)͘ϭ2␥T␦(nϪnЈ). By integrating the Langevin equation, one can make a move algorithm from which the trajectories of the Brownian particle as a function of n are simulated. In Fig. 4 , we show ensembles of the base pair distance of 500-bp-long dsDNA via a Langevin simulation with initial distance put to r 0 ϭr m and ⌬nϭ0.0001. We use the parameters introduced in Sec. II, with T c Ϸ400 K. Remarkably, the thermally broken pairs appear to be ubiquitous even far below T c . As the temperature increases approaching T c , the loops tend to be larger and eventually become comparable to DNA in size. Using the definition Eq. ͑2.19͒, the average distance is given by ͗r͘ r 0 ϭ͗r͘ ϱ ϩ͗␦r͘ r 0 .
͑3.11͒
Here ␦rϭrϪ͗r͘ ϱ and 
͑3.12͒
is the average over the stationary state achieved over long time ͑large n͒. It is identical to Eq. ͑2.17͒. Figure 5 shows the analytically calculated value of ͗r͘ as a function of temperature. It is nearly identical to the result ͗r͘ r 0 that was obtained by simulating a long chain nϳ10 4 -10 5 bps. ͗r͘ Ϫ1 is found to be close to the experimental plot of the order parameter ͑fraction of bounded complementary base pairs͒ ͓3͔. The correction due to finite n can be obtained by
͑3.13͒ Figure 6 shows ͗r͘ r 0 at a physiological temperature with three different values of r 0 . The simulation data using Langevin dynamics are shown to be in close agreement with the results obtained by Eq. ͑3.13͒, which demonstrates that our approximation ͑3.9͒ or ͑2.15͒ is excellent. To evaluate the integral we note that u 0 (r) is nonvanishing only over the molecular distance, independent of n, over which G 0 does not vary appreciably. Considering n large enough to assume ͉rϮr 0 ͉Ӷ(nl 2 ) 1/2 and temperature much lower than T c where the integral below is bounded, Eq. ͑3.13͒ can be rewritten as
This function, also the correlation function shown next, decays exponentially as well as in a power-law-like fashion. The presence of a large gap ⌬ shows the stability of the DNA duplex against spontaneous loop formation. When some sequence is unzipped by a certain microscopic manipulation, the disturbance along the neighboring sequences propagates over the correlation length ⌬ Ϫ1 , which is about 5 bps distance at a physiological temperature. On the other hand, the power-law decay is characteristic of the chain cooperativity ͑connectivity͒. The power-law and exponential decays in n figure most naturally in the related correlation function ͗␦r(n)␦r (0) which shows that under the identical conditions it thus shares the same dependence on n as ͗␦r͘ r 0 studied above.
Finally, let us focus upon the loop size distribution. The loop is defined by a random walk of base pair distance that returns, for the first time, to its initial distance r 0 , which is set infinitesimally small. To calculate the distribution of this first passage time ͑i.e., the loop size͒, we apply the absorbing boundary condition P(r 0 ,n͉r 0 )ϭ0 for nϾ0, i.e., wherever a bp returns to its initial distance r 0 , the excursion is finished. The probability that the bp is separated by a distance larger than r 0 is given by
in terms of which the probability that the random walker arrives at r 0 in dn, i.e., the loop distribution, is given by ͓19͔
p L (n) is solely given by the unbound ͑second͒ contribution in Eq. ͑3.9͒, which naturally reflects the process of excitation ͑crossing͒ over the gap caused by base pair bonding. Using the same approximation used before for finding ͗␦r͘ r 0 , Eq.
͑3.14͒, one again obtains P(n,r 0 )ϳe Ϫn⌬ /n 3/2 for n larger than the order of unity far below T c . Near T c , however, the approximation is not allowed, but instead Eq. ͑3.9͒ yields P(n,r 0 ), which is proportional to 1/n 1/2 , not to n 3/2 . Therefore we find that the loop distribution function for large n is given by 
͑3.18͒
We confirm the validity of the above results against our numerical simulation for a number of temperatures. The loop distribution at each temperature in Fig. 7 is given for 500 500-bp-long DNAs along with the theoretical expectation represented by the dotted lines. As shown in the figures, p L (n) given by Eq. ͑3.18͒ is in good agreement with the data even for relatively small n values and for a broad range of temperatures. The combined exponential and power-law decay of p L (n) closely resembles the recent result of the Poland-Scheraga-͑PS-͒ type model ͓9,20͔, where the power is larger than 3/2 due to the excluded volume effect and chain stiffness. We find the average size of the loop as
For T near T c , it is found that ͗n͘ϳ⌬
ϳ͉TϪT c ͉ Ϫ1 , irrespective of the cutoff n c , the scaling behavior obeyed by ͗r͘. This shows indeed that, as the denaturation transition is ap- proached, the loops tend to give way to fewer but larger loops until the size grows to the size of the DNA molecule itself, which was also demonstrated in the simulation result ͑Fig. 4͒.
IV. SUMMARY
In this paper, we introduced a Brownian ͑stochastic͒ description version of flexible polymer Green's function theory to study the interstrand ͑base pair͒ distance of dsDNA, and several associated problems. Within our approach the base pair distance r(n) is regarded as the coordinate of a Brownian particle moving under a temperature-dependent potential, with n indicating the segment number. The Fokker-Planck and the equivalent Langevin equations are formulated from the Edwards ͑imaginary time Schrödinger͒ equation of base pair distance distribution via the well-known transformation rule. The interstrand distribution function is a sum of the bound and unbound base pair contributions; the latter is approximated by the free chain distribution in half space.
Using the Langevin equation, we performed several simulations of the DNA base pair distances with initial bp distance fixed as r(0)ϭr 0 in a broad range of temperature. We observed that loop formation can be excited at temperatures even far below the denaturation temperature (T c ), with the average size of the loops growing as the temperature increases toward T c . We also calculated the average and the correlation function of the base pair distance ͓͗r(n)͘ r 0 and ͗r(n)r(0)͘] by analytically solving the Fokker-Planck equation. According to the results, the correlations ͓͗␦r(n)͘ r 0 ,͗␦r(0)␦r(n)͔͘ decay as the product of exponential (e Ϫn⌬ ) and power-law (n Ϫ3/2 ) behaviors provided that n is large enough and the temperature is far below T c . This result is in close agreement with our simulation data. Interestingly, the loop size distribution is found to have the same n dependency, which, unlike the correlation function, is appliable to broad ranges of n and temperature. Approaching T c , the loop size diverges like ͉TϪT c ͉ Ϫ1 , and its distribution eventually follows the power law p L (n)ϳn Ϫ3/2 . These behaviors, also corroborated by our Langevin simulation, are consistent with the simulation result ͓20͔ recently obtained by using the PS-type model that includes the chain semiflexibility and the excluded volume effect.
Our methodology of treating the problem in the language of stochastics allows us to treat naturally not only quantities like the correlation function and average loop size, but also sequence heterogeneity and randomness, which can be treated as, in general, a colored noise changing in time n. The stochastic dynamics paradigm that has recently been obtained for a variety of time-dependent fluctuations can be a guide to study DNA conformation. However, this methodology is limited to the flexible-chain model; adaptation to a more realistic model inclusive of chain semiflexibility and helical structure remains as a future challenge.
